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Starting from the exact steady state Navier-Stokes equation and taking the quadratic inertia 
term into account in an appropriate way one can show the existence of a coupling of the trans-
lational and rotational motions of a rigid sphere in an incompressible fluid. No-slip boundary 
conditions are used. The coupling consists in a transverse force proportional to the cross product 
of the linear and angular velocities of the sphere. This force is closely related to the Magnus effect. 
It is of interest for the theory of Brownian motion of particles with internal degrees of freedom. 

The coupling of translational and rotational mo-
tions of a particle in a fluid is of interest for the 
theory of Brownian motion of particles with rotatio-
nal degrees of freedom. In order to investigate the 
general features of this coupling, one may use the 
hydrodynamical description. Starting from the 
linearized, steady state Navier-Stokes equation, one 
finds the force and torque acting on a rigid particle 
in a fluid as linear functions of both the linear 
and angular velocities of the particle1. The con-
sequences of such a linear type of coupling for the 
Brownian motion have already been studied by 
C O N D I F F and D A H L E R 2. This linear coupling, how-
ever, does not exist for particles with three mutually 
perpendicular symmetry planes in particular not 
for rigid ellipsoids and spheres. It is the purpose 
of this paper to show that a different, bi-linear type 
of coupling between translational and rotational 
motions exists (in accordance with hydrodynamics) 
even in the case of spherical particles. Therefore 
we may confine our attention to this case. This 
second type of coupling emerges from the quadratic 
inertia term of the exact steady state Navier-Stokes 
equation. It consists in a "transverse" force propor-
tional to the cross product of the linear velocity 
and the angular velocity of the rigid sphere. The 
transverse force causes a particle to roll aside if 
its angular velocity is not parallel to its velocity. 
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Experimentally the existence of such a force has 
been observed long ago (with cannon balls, tennis 
and golf balls) and it is known as M A G N U S e f fec t 3 - 6 . 
By the way, for an infinitely long cylinder (2 di-
mensional problem, multiply connected space) a 
transverse force may even exist if the cylinder ro-
tates in a streaming inviscid fluid 6. This, however, 
is not true for the three dimensional problem, e. g. 
for the force acting on a sphere. Here one really has 
to consider a viscous fluid (as described by the 
Navier-Stokes equation) in order to find a force 
on a particle 7. 

A transverse force also acts on a rough sphere 
(with radius R / : mean free path) in a dilute 
gas of rough spheres 7a. 

The influence of the transverse force on the 
Brownian motion of rotating spheres has already 
been studied by the author 8. 

§ 1. General Remarks 

Let us consider a rigid sphere simultaneously 
translating and rotating ("spinning") in an in-
compressible viscous fluid which is at rest at in-
finity. The linear velocity of the center of the sphere 
is denoted by — V. The angular velocity of the 
sphere with respect to its center is called ß . Both 
V and ß shall be constant. We introduce a coordi-
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nate system where the center of the sphere is at rest 
(and coincides with the origin). Then the stream-
ing velocity V of the fluid is V at infinity. The 
radius R of the sphere shall be large compared with 
the mean free path in the fluid. Hence in order to 
calculate the force and torque acting on the sphere 
(in steade state) one has to start from the Navier-
Stokes equation (with the time derivative put equal 
to zero) and a no-slip boundary condition may be 
used. 

We say a coupling of translational and rotational 
motions of a particle (in a fluid) occurs if the force 
or/and the torque depend on both linear and angu-
lar velocities. Neglecting the quadratic inertia term 
in the Navier-Stokes equation one in general finds 
a linear type of coupling with the force and torque 
linear in V and £2. This coupling, however, van-
ishes for particles with three mutually perpendicular 
symmetry planes (Ref. p. 187) . Hence for a 
sphere, Stokes' friction force and torque (which are 
derived from the linearized Navier-Stokes equation) 
cannot show a coupling of translational and rotatio-
nal motions. Yet one may expect such a coupling to 
occur if one considers force and torque expressions 
non-linear with respect to V and & . In particular, 
a transverse force 

K t r a n s ~ V x SI ( 1 . 1 ) 

might act on sphere immersed in a fluid 9. It is the 
purpose of this paper to show that, indeed, such a 
force can be derived from the Navier-Stokes equa-
tion if the quadratic inertia term is taken into ac-
count. 

Two remarks concerning the transverse force can 
be made at once: 

i) In hydrodynamical equations, transport coeffi-
cients like the viscosity rj occur in equations, where 
two quantities with different time reversal behavior 
are linked. As K and V x f i are both even under 
time reversal, t] will not appear in (1.1) . (In gener-
al only even powers of r] might occur.) But this 
does not imply the possibility to restrict oneself to 
inviscid fluids. In this case the no-slip boundary 
condition cannot be fulfilled. 

ii) The constant in (1.1) must have the dimen-
sion of a mass. The only mass linked with our prob-
lem is the mass mf of the fluid contained in a vol-
ume equal to that of the sphere: 

m [ = § 7 i R * Q ( 1 . 2 ) 
9 A torque M ~ V X SI cannot exist since M and V X £2 

have different parities. 

where Q is the mass density of the fluid. Hence the 
transverse force can be written as 

K t r a n s = y mt V x ß ( 1 . 3 ) 

where y is a dimensionless quantity. 
In general y might depend on V2 and Q2. Here, 

however, we confine ourselves to the coupling of 
translational and rotational motions of lowest order 
in V and £2, where y is a constant. 

§ 2. Navier-Stokes Equation 

Introducing the dimensionless vector X = R~1X 
where R is the radius of the sphere and X is the 
proper position vector (with X — 0 corresponding 
to the center of the sphere), one has as the steady 
state Navier-Stokes equation 

Q V - S / v + S / p ^ r j R - ^ A v . (2.1) 

Here V = 3/dx is the dimensionless Nabla-operator 
and A = V ' V is the dimensionless Laplacian. The 
fluid is assumed to be incompressible, hence the 
divergence of the velocity vanishes 

V ' V = div V = 0 . (2.2) 

The density Q occuring in the inertia term of (2.1) 
is constant. An equation for p can be obtained by 
taking the divergence of (2.1) and using (2.2) 

Qdiv(vVv) + Ap = 0. (2.3) 

The pressure p and the flow velocity V will de-
pend on the dimensionles space coordinates X and 
on V and £2 as parameters 

p = p ( * ; V , £ 2 ) ; V = V ( X ; V , t o ) . ( 2 . 4 ) 

We now expand p and V in powers of V and £2 
p=2pW, v=2vM, (2.5) 

i,j=0 i, y=0 

where and V a r e of t-th power in Cartesian 
components of V and of /'-th power in those of & . 

For V = 0 and £2 = 0 the fluid shall be at rest 
and the pressure is constant, thus we have 

l>(°°) = 0 and p(°°) = P o o = const. (2.6) 

The (ij)-part of the Navier-Stokes equation (2.1) 
reads 

q J V ( l 'T) • V l > ( , " r + V p ( ' 7 ) = V A v i i j ) (2.7) 
i'j' 

i"j" 
where 
./ •// . ./ .// . ^ .t .rr . r. Jr 
i + i = i ; j + ] = / ; 0 < i ; O S / , / < / . 



The corresponding incompressibility condition is 

div t>W) = 0 . (2.8) 

In this way the quadratic Navier-Stokes equation 
has been reduced to an infinite set of linear differ-
ential equations for These may be solved by 
an iteration procedure since the quadratic term of 
the (ij)-th equation is a known inhomogeneous term 
if all v^'i") with i < i and / < j already have been 
determined. It is not the purpose of this paper to 
tackle the question of convergence of such an ex-
pansion since we are interested in finding the coup-
ling of translational and rotational motions in low-
est order in V and . 

The first two equations of (2.7) and (2.8) cor-
respond to the linearized Navier-Stokes equation 
supplemented by the pertaining incompressibility 
condition 

V P ( 1 0 ) = v R ' 1 div V^ = 0 ; 

V p ( 0 1 ) = i ? Ä _ 1 ^ ( 0 1 ) , d i v r ( 0 1 ) = 0 . ( 2 . 9 ) 

Here the inertia term drops out. Translational and 
rotational motions are not coupled. The desired 
coupling occurs in lowest order in the "bi-linear 
equation" (i. e. bi-linear in V , ß ) 

q (® (10> • V v ( 0 1 ) +1> ( 0 1 ) • V v ( 1 0 ) ) + V p ( 1 1 ) 

= (2.10) 

In accordance with (2.8) t^11) has to obey the in-
compressibility condition 

d i w ( n ) = 0 . ( 2 . 1 1 ) 

After having solved (2.10) subject to (2.11) 
and to appropriate boundary conditions, we shall 
see that p ^ and 

3i;<n>\ 
dz,* ) 

P/iv — rjR 
3:r„ 

(2.12) 

will give rise to a transverse force of the type (1 .3) . 
Therefore, we confine our attention to the solution 
of (2 .10) . In (2.12) and in the following, Cartesian 
components of vectors and 2nd rank tensors are de-
noted by Greek subscripts. The summation conven-
tion will be used for these. 

It is convenient to express the space dependence 
of p and V in terms of Cartesian multipole poten-
tials. A list of the scalars and vectors which may be 
constructed from the multipoles and the Cartesian 
components of V and ß shows, that in order to de-
termine the bi-linear pressure p^11) and velocity t^11), 

one has actually to find one and three scalar coeffi-
cients respectively as functions of the distance. This 
point shall be discussed in the next section. 

§ 3. Expansion of Pressure and Velocity 

The space dependence of the pressure and the 
velocity shall be described in terms of the multiple 
potentials defined by 

3 l r ~ l 

= ( - i y dxu 
(3.1) 

Here r is the distance of a point from the center of 
the sphere measured in multiples of the radius R 
(r2 = X'X; r2 = l surface of the sphere). Since 
z l r - 1 = 0, the multipoles are solutions of the Laplace 
equation. The /-th multipole is a function homo-
geneous in r~l~x and is proportional to the sym-
metric irreducible tensor of /-th rank that can be 
constructed from the unit vector X = r~i X. For fur-
ther properties of the multipole potentials see the 
appendix. The first multipoles are 

X^ =r 3 x^ , 
Xßv — 3 r 5 (xß xv— ^ r2 duv). 

(3.2) 

The scalars and vectors which may be constructed 
from the multipole potentials and the Cartesian 
Components of V and ß are listed in Table 1 up to 
quadratic terms in V and & . The column P states 
the parity (P: X, V, ß -X, - V , ß ) of the 
expansion tensors. For convenience the scalars, 
pseudo scalars, polar and axial vectors are denoted 
by ; & and respectively and distinguished 
by consecutive superscripts. The symmetric irredu-
cible (traceless) part of a dyadic constructed from 
the Cartesian components of two vectors a and b 
is denoted by 

[ab)llv = allbv = \(alxbv + blxav) — J a - b dfXV; (3.3) 

is the anti-symmetric isotropic 3rd rank tensor 
with the property ( a x b ) ^ . The expan-
sion scalars and vectors chosen are linearly indepen-
dent. This may easily be seen from Table 1. Tensors 
with different parity and different power in V and 
ß are independent per se. Those with equal parity 
and equal power in V and ß either contain differ-
ent multipole potentials (e. g. <£(1) and <l>(3); 
and <i>(8)) or different irreducible parts of tensors 
constructed from V and ß , e. g. contains the 



anti-symmetric part of the 2n d rank tensor 
the symmetric ireducible part. Furthermore the ex-
pansion tensors are complete in the sense that any 
scalar or vector which can be constructed from the 
Cartesian components of X, V and £2 (up to second 
power in V , £2) can be written as a linear combina-
tion of the expansion scalars and vectors listed in 
Table 1. Expansion tensors quadratic in V or 

Si 
alone will not be needed in the following but are 
listed for completeness. 
Power 

in 
V SI Scalars P Vectors 

Now we are ready to make an ansatz for the pres-
sure p and the velocity V in terms of the expansion 
tensors. The pressure has positive parity, thus sca-
lars with positive parity only can occur in its expan-
sion. From Table 1 we find the following ansatz for 
that part of the expansion for p we are interested in 
p(io)=^10d); p(oi) = 0 ; = (3.4) 
The coefficients A-t are functions of the distance r. 
The velocity has negative parity. Therefore one has 

V ( 1 0 ) = a i ^ ( l ) + a 24»(2); V (01)=a 34»(3) ; (3.5) 

t>(") = a7 <t>(?) + a8 4»(8) + ct9 W . (3.6) 

Again the scalar coefficients a ; are functions of r. 
Next we have to state the boundary conditions 

for the coefficients A ( ( i = 1 , 4 ) and ak (A; = l , 2, 3 ; 
7, 8 , 9 ) . 

a) The pressure shall be constant at infinity. This 
implies pW> (i / ' + OO) to vanish for r—> oo. In 
particular one has to require (since &(r> and 
are proportional to r~2 ) 
r~2 At (r)—> 0 and r~2 A4(r)^ 0 for r - > oo. (3.7) 

b) At infinity, the velocity V of fluid equals V . 
Hence t>(1°) tends to V and all other V(if) have to 
vanish for r - > oo. In particular one has 

a t ( o o ) = l , (3.8) 

r " 3 a 2 ( r ) - > 0 , r - 2 a 3 ( r ) ^ 0 

for r—>- oo , 

a 7 ( o o ) = 0 , (3.10) 

r " 3 a 8 ( r ) ^ 0 , r ^ a 9 ( r ) ^ 0 
for r—> oo . 

c) There shall be no velocity slip at 
the surface of the sphere ( r = 1 ) . Hence 
one has V = R Si x X for r = l . This is 
fulfilled if 
a3 (1) = R and (3.12) 

a * ( l ) = 0 for k^F 3 . (3.13) 

Solution of the Eqs. (2 .9 ) , correspond-
ing to the linearized Navier-Stokes equa-
tion with the pertaining boundary con-
ditions, yields the well known results 

A ^ l r j R - * , (3.14) 

a 1 = ( l - r - 1 ) ; a 2 = | ( l - r 2 ) ; 
a3 = tf, (3.15) 

which in turn lead to the Stokes friction 
force and torque 6 ' 7. 

In order to determine Ax and a7 , a 8 , a9 as func-
tions of r, one has to solve the "bi-linear" Navier-
Stokes equation (2 .10) . Since and a7 only are 
needed for the calculation of the transverse force 
we focus our attention on the evaluation of these 
coefficients and then mention the results for a8 and 
a9 briefly. 

§ 4. Calculation of the "bi-linear'" Pressure 
and Velocity 

The unknown pressure p ^ and velocity V'11 ' are 
uniquely determined by the "bi-linear" Navier-Sto-
kes equation (2 .10) , the incompressibility condition 
(2.11) and the boundary conditions stated above. 

0 0 0(0) = 1 + 0(0) 
— 

1 0 0«> = Vp — 

0(1) = V X + v'b = ( F X X ) „ + 
0<2> — Xfiv V V -

0 1 = Qp + 
!F< i) = Si X — 

0(3) = ( n x x)„ — 

xpw — Xfiv Qv + 
2 0 0(2) = V2 + 0(4) u = V2Xp — 

0(3) = Vp XßV Vv + 0(5) ^ u = Vp VvXr — 

0.8) ^ U = XpV, Vv vx -

1 1 lf/(2) = V SI — <£<7) = (F x Sl)p — 

0(1) = X - ( F x f l ) + XTJW 1 u = V SIXp + 
<f(3) = Vn XßV Qr — 

\f/(5) 1 U - Vp Qv Xv + 
0(8, = Xpv(VxSl)v -

0 0 » = Epgr Xgj, Q>. Vr — 

= XpvA Vv Q}. + 
0 2 0(1) = Q2 + 0(10) = Q2 Xp — 

0(6) QfX X. fxy + 0(11) — iQ̂ i ißv X. v — 

0(12) = Xp?* Qv Qi — 

Table 1. The first expansion scalars and vectors constructed from the multi-
pole potentials and the components of Fand 



Before dealing with Eq. (2.10) we observe that due 
to 

div V ^ = (r2 a / + 2 r " 1 a8 ' ) (4.1) 

the incompressibility condition (2.11) implies 
r 2 a 7 ' + 2 r " 1 a 8 ' = 0 . (4.2) 

The prime denotes differentiation with respect to r. 
To find the four coefficients A

4
 , a7 , a 8 , a9 spe-

cifying p("> and » ( " ' from Eqs. (2 .10) , (4.2) and 
the boundary conditions mentioned earlier, we now 
proceed in three steps: 

1) The inhomogeneity term 
Q(U> = Q (v(10) • Vr (01) + V w • Vr (10)) (4.3) 

of Eq. (2.10) is evaluated from the known func-
tions tr10) and V(01) [cf. (3.5) and (3 .15 ) ] . Use of 
some properties of the multipole potentials (see ap-
pendix) by a straightforward calculation yields 

vm.yv(0i) = R{2r-(ia2&W+ ( a i + r - 3 a 2 ) <&} . 
(4.4) 

Here is an abbreviation for the vector 
^ ß = e ß V , X v 0 V 0 Q x , (4.5) 

which may be expressed by <i> (8) and ^ 
$ = _ l $ ( 8 ) + $ ( 9 ) , (4.6) 

Likewise one finds 
v ( o i ) . y v ( i o ) = R r - 3 f l . g v ( i o ) 

= / ? r - 3 a 2 ( 4 » ( 8 ) - 4 » ) . (4.7) 

The differential operator 2 = 3CX (d/dx) only acts 
on the angle dependent part of a function; its ope-
ration on a multiple potential is stated in the ap-
pendix. Adding (4.4) and (4.7) and using (4.6) 
one finds 

Q a i ) = e R («7 <£ ( 7 ) + «8 * ( 8 ) + «9 * ( 9 ) ) > (4 -8 ) 

where 

a7 = 2 r ~ 6 a 2 = i r - e _ i r - 4 9 

a8 = r " 3 a 2 - J a , = J r~3 + J r " 1 - (4.9) 
a9 = = 1 — r - 1 . 

2) The pressure p ^ is determined (apart from 
a constant) by the differential equation correspond-
ing to (2.3) 

div Q ( 1 1 ) + zlp(11) = 0 . (4.10) 

Similarly to (4.1) one has 

div Q^11) = Q R(r2 a7' + 2 r _ 1 a8 ' ) . (4.11) 

On account of 
Z l p ( l l ) = r 2 ( r - 2 ^ 4 ' ) ' ^ ( 4 ) J (4.12) 

Eq. (4.10) leads to a second order differential 
equation for A

4
 containing an inhomogeneous term 

which is known from (4.11) and (4.9) . Use of the 
boundary condition (3.7) leads to 

A
4
 = Q R (C

4
 — | r _ 1 + | r~ 3 ) . (4.13) 

The constant C
4
 will be determined later. 

3) The inhomogeneity term Q(n> of the Navier-
Stokes equation (2.10) and the pressure p^n> (apart 
from the constant C

4
) being known, we now are 

ready to evaluate V^11). By use of 

Vp (11) = i r - 3 A
A
' + (i

 R
 AL - A

4
) (4.14) 

[with A
4
 from (4 .13) ] and with the representation 

following from (3.6) 

A v W = (a 7 " + 2 r - 1 a / ) + (a 8 " - 4 r ' 1 a8 ' ) <i>(8) 
+ ( a 9 " - 4 r 1 a 9 ' ) (4.15) 

Eq. (2.10) may be written down explicitly. Equat-
ing coefficients of the three linearly independent vec-
tors <l>(8), <l>(9) on both sides one obtains three 
uncoupled 2nd order differential equations for a7 , 
a 8 , a 9 . These equations can be solved with the 
boundary conditions (3.10, 11, 13) . The coefficient 
a8 then still contains the constant C

4
 occuring in 

(4 .13) ; it is determined by the incompressibility 
condition (4 .2) . 

Since we are mainly interested in the transverse 
force which is solely determined by a 7 ' ( 1 ) and 
A
4
( 1) we apply a different procedure which is 

more convenient for the evaluation of a 7 (r ) and C
4
 . 

To this end we dot (2.10) by X. The resulting 
equation is 

x-Q(n) + x-Vp(n) =r]R-1x-Av^n\ (4.16) 

all terms of which are proportional to the scalar 
0(4) < 

This is seen from the following relations: 

S-Q^11) = £ Ä ( r 3 a 7 + 2a 8 ) (4.17) 

X - V p ( 1 1 ) = r = (r A, - 2 A4) (4.18) 
X.JV(U) =JX.V(W =r2[r-2(r3<z7 + 2a8)']' 0W. 

(4.19) 

Eliminating a8 ' from (4.19) by use of (4.2) one 
finds 

X - A v W = 3 r 2 a 7 (4.20) 



Thus the following 1st order differential for a- is 
obtained from (4.16) : 

oR(r3a- + 2 a8) + rA4'-A4 = 3tj / T 1 r2 a / . (4.21) 

According to (4.9) and (4.13) this equations reads , qR2 

3 rj 
[ - (1 + 2C 4 ) r~2 + § r - 3 — I r - 5 ] . 

(4.22) 
The solution of (4.22) is 

a 7 = - ^ - [ ( 1 + 2 C
4
) r _ 1 — ^ r - 2 + T V r - 4 ] + c 7 . 

o ^ 
(4.23) 

The constant c7 has to vanish due to the boundary 
condition a 7 ( o o ) = 0 . In order to satisfy the bound-
ary condition at the surface of the sphere a 7 ( l ) = 0 
we have to put 

C 4 = - \ . (4.24) 

Hence the final result for a7 is 
a7 - (Q R 2 /v ) (h r ' 1 - A + A r " 4 ) . (4.25) 

Although a8 and a9 are not needed for the cal-
culation of the transverse force the results (obtained 
by using the above mentioned solution procedure) 
are given for completeness: 

i W i r - 1 ) , (4.26) 
* 9 = ( Q R 2 / r i ) ( - h r 2 + \ r - (4.27) 

By the way, the viscosity rj appearing in the de-
nominator clearly indicates that the solutions found 
do not exist for an ideal fluid (rj = 0 ) . Nevertheless 
rj will not show up in the transverse force which will 
be evaluated in the following section. 

§ 5. Transverse Force 

Both the hydrostatic pressure p ^ and the fric-
tion pressure p^}vl) [see (2 .12 ) ] give a contribution 
to the transverse force K t r . The first one is 

K t r , p = - J X p^11) d2o , (5.1) 

where X = r - 1 X is a radial unit vector and d2o is 
the surface element of the sphere. Substituting the 
ansatz (3.4) into (5.1) and carrying out the inte-
gration one finds 

K t r ' P = - | . i / I M 4 ( l ) V x f l . (5.2) 
After (4.13) and (4.24) one has ^ 4 ( l ) = - | p Ä 
and thus 

K t r ' P = | m f V x f l . ( 5 . 3 ) 

For mf see (1 .2) . 

The contribution from the friction pressure is 

J p g » * y d 2 o 

= Yj /r1 j X 
d v L n ) 

dx 
(5.4) 

By use of the ansatz (3.6) and of (2.11), Eq. (5.4) 
takes the form 

KtT'{= 4 ti R rj a7' (1) V x SI. (5.5) 
From (4.22) and (4.24) one infers rj a-'(l)=g Q R2. 

Hence the total transverse force is 

K t r = K tr>P + K t r ' f = f m f V x SI. ( 5 . 6 ) 

This is a force of type (1.3) with y = f . It re-
mains unchanged if the center of the sphere moves 
with velocity —V and the fluid is at rest far away 
from the sphere. 

Appendix: Cartesian Multipole Potentials 

The /-th Cartesian multipole potential (/-pole) is 
a /-th rank ireducible tensor defined by 

Xni—m — ( — 1)' 
31. 

dxu,... Sa:« 
- d * * - " - ' - ( A . l ) 

OXp, 
( / = 0 , 1 , 2 , . . . ) . 

These tensors are solutions of the Laplace equation 

0 (A.2) 

which vanish for r —> oo. They are symmetric in all 
subscripts and have zero traces, i. e. 

^i—fi-i M* = 0. (A.3) 

Thus, a /-pole has not 3l but only ( 2 / + 1) indepen-
dent components. The /-pole is homogeneous in 

and proportional to the irreducible tensor , - i - i 

x ß l . . .Xfii of rank / which can be constructed from 
the unit vector X = r"1 X: 

j r M = r - 1 " / ( 2 Z - l ) ! ! „ (A.4) 

where ( 2 Z - 1 ) ! ! = 1 - 3 - 5 . . . ( 2 Z - 1 ) : 

The normalization constant of the irreducible /-th 
rank tensor (denoted by 1—1) is chosen in such a 
way that the coefficient of the term x,Ul... x„i con-

i 1 

tained in x,U l . . . xßi equals 1. This implies 

. - 7 - / ! 
( 2 1 — 1 ) ! ! ' 

(A.5) 



Multiplication of a Z-pole with X leads to a (7+ l) -pole and a sum of (Z — 1)-poles: 

xmui X»,..,, = (2 I + 1) - 1 [r2 +l{2l-l) X*» • (A.6) 

Here is an isotropic tensor of rank 21, which, applied on an arbitrary Z-th rank tensor, projects 
on the irreducible part of this tensor (denoted by 1 ') : 

n...vi ® r , . . . vi = a,fi1...fii. ( A . / ) 

The zl^-tensors have the general properties: 

Ajh}...m, A,.. .A, ÄI ..AL, vu..vi — All.^ Vi...vi and 41 2 Z + 1 . (A .8 ,9 ) 

The first 3 of these zl®-tensors are 

AW = 1 ; 4 V = dßV; A™yv, = \ (<$„„- Svv' + dVfi' <S„/) - J d,„ <V/ . (A.10) 

Putting /</ + ! = /</ (with automatic summation) in (A.6) one obtains the relation 

xnl = IXtn-vi-i • (A.11) 
From (A.6) and using V i ( ' ' ) where a(r) is a scalar function depending on the distance r 
one easily derives the following useful relations: 

(a(r) ( 2 / + 1 g / ~ a ) + r ~ l q Z + (A.12) 

A(a(r) X„l...,l)=(a"-2lr-la) X ^ , = r21 (r~21 a)' X ^ . (A.13) 

Here A = d2/dx0 dx0 is the Laplacian differential operator. 
In view of Eq. (4.7) we note here that the multipole potentials are eigenfunctions of the differential 

operator 2 (which is skin to the angular momentum operator of quantum mechanics) 

3 . 3 

= V i xv - g ^ - = xr 3 ^ • (A.14) 

Defining the isotropic CH^-tensor of rank 2 Z + 1 by 
C H ^ . . . / « , A, = EviXvi -̂ »•t'V,... N - , , / ( , ' . . ,fii' ^ 21 + 3 ^ti—f*lft> f'Pi ' (A.15) 

one has X^,...,,, = I •jfI)...A<l, a, Ml'...m'X h/.-.mi' • (A.16) 

The normalization of the E]®-tensor is 

fyiAw' CU/f1l..yU1-ljUI, A,/4,.,.^,-i/il' — (21+1). (A.17) 

The first two of these isotropic tensor are 10 

• i ä " = £nlß 5 Dfc ! A, n'v' — I (EnXß' drv' + EfiXv' &VI1 + ev/Ln' &nv' + £vlv' n') • (A. 18) 
I thank Prof. Dr. L. W A L D M A N N for teaching me the application of Cartesian multipole potentials to problems 

in hydrodynamics and for many helpful comments. 

Note added in proof: As Prof. D . A. K L E M M kindly pointed out to me, the result ( 5 . 6 ) for the transverse force has already 
been obtained by RUBINOW and K E L L E R U . 
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